Abstract. Efficient conditions sufficient for the solvability of the problem
Introduction
In [1] , we have obtained general results on the existence, uniqueness and positivity of a solution to the two-point boundary value problem u (t) = (u)(t) + q(t) ; R is a linear bounded operator. The present paper, which is the second part of [1] , contains some nontrivial consequences of the general results of [1] for the equations with deviating arguments. The proofs essentially use the statements obtained in [1] . We refer to [1] for an overview of the topic and the related literature. Here, we consider the problem (1.1), (1.2) with the operator having one of the following forms: 
Let u : ]a, b[ → R be a continuous function and let there exist a finite or an infinite right, left, limit of u at the point a, b, respectively. Then we will write u(a+), u(b−), instead of lim 
For convenience we recall the definitions introduced in [1] .
admits the inequality
; R satisfying (1.6) and
admits the inequality (1.7).
Main results
Theorem 2.1. Let
Then the operator defined by (1.3) belongs to the set V [a, b] .
Then the operator defined by (1.3) belongs to the set 
where .
Then the operator defined by (1.4) belongs to the set
, 2) such that (2.4), (2.5) hold and
Then the operator defined by (1.4) belongs to the set V [a, b] .
Theorem 2.9. Let µ(t) ≤ t for a.e. t ∈ [a, b] and Theorem 2.11. Let µ(t) ≤ t for a.e. t ∈ [a, b] and
The results listed below immediately follow from [1, Theorems 2.10-2.13], Theorems 2.1-2.11, and Corollaries 2.2-2.10.
Theorem 2.12. Let functions p, τ satisfy the assumptions of at least one of Theorems 2.1-2.4 or Corollary 2.2 and let functions g, µ satisfy the assumptions of at least one of Theorems 2.5-2.8 or Corollary 2.6. Then the problem (1.1), (1.2) with defined by (1.5) has a unique solution u. If, in addition,
Theorem 2.13. Let functions p, τ satisfy the assumptions of at least one of Theorems 2.1-2.4 or Corollary 2.2 and let functions g, µ satisfy the assumptions of either Theorem 2.9 or Theorem 2.11 or Corollary 2.10. Then the problem (1.1), (1.2) with defined by (1.5) has a unique solution u. If, in addition, (2.19) holds and
Theorem 2.14. Let functions p, τ satisfy the assumptions of at least one of Theorems 2.1-2.4 or Corollary 2.2 and let functions g, µ satisfy at least one of the following items:
Then the problem (1.1), (1.2) with defined by (1.5) is uniquely solvable.
Theorem 2.15. Let functions p, τ satisfy the assumptions of at least one of Theorems 2.1-2.4 or Corollary 2.2. Let, moreover, τ (t) ≤ t and µ(t) ≤ t for a.e. t ∈ [a, b]. Then the problem (1.1), (1.2) with defined by (1.5) is uniquely solvable.
Proofs
Proof of Theorem 2.1. If p ≡ 0, then the conclusion of theorem follows from [1, Remark 2.3]. Therefore, we can assume that
We will show that γ satisfies the assumptions of [1, Theorem 2.1] with defined by (1.3). It can be easily verified that which, when used in (3.3), yields Proof of Corollary 2.2. If p ≡ 0, then the conclusion of the corollary follows from [1, Remark 2.3]. Therefore, assume that (3.1) holds. It is sufficient to show that (2.1) is fulfilled. For this purpose, we will estimate the maximum value of the function γ defined by (3.2). Obviously, (3.3)-(3.5) hold. In view of (3.4) and (3.5), there exists t 0 ∈ ]a, b[ such that
(3.9)
Consequently, γ (t 0 ) = 0, i.e.,
(3.10)
From (3.10) we obtain
(3.11) From (3.2) we have
Now using (3.11) in the latter equality, we obtain
whence, on account of the relation 4AB ≤ (A + B)
2 , we get
(3.12)
On the other hand, the equality (3.10) yields
Therefore, the inequality (3.12) with respect to (2.2), (3.1), and (3.13) results in
Now in view of (3.9), we have (3.6), whence, on account of (3.2), we get (2.1).
Proof of Theorem 2.3. Put
and
Using (2.3) in the latter equality, in view of (3.15), we get
Thus, all the assumptions of [1, Theorem 2.1] are fulfilled.
Proof of Theorem 2.4. Assume c ∈ ]a, b[ ; the cases c = a and c = b can be proved analogously. Without loss of generality we can assume that (2.4) and (2.5) are fulfilled as equalities. Define functions ρ i (i = 1, 2) as follows:
We will show that γ satisfies the assumptions of [1, Theorem 2.1]. Obviously,
Moreover, in view of (3.19) and (3.22), we have
Furthermore, (3.22) and (3.23) yield
Obviously, 27) and, in view of (3.18), we have
(3.35)
Thus, from (3.34) and (3.35), we have
Now using (3.36) in (3.33), we obtain
Consequently, (3.22)-(3.25), and (3.37) imply that all the assumptions of [1, Theorem 2.1] are fulfilled.
Proof of Theorem 2.5. Put
We will show that the assumptions of [1, Theorem 2.4] are fulfilled. Obviously,
and it can be easily verified that
From (3.38)-(3.40), in view of (2.10), it follows that
(3.42) Then, on account of (3.38), (3.40), and (3.41), we have
whence, according to [1, Remark 2.3, Theorem 2.10], it follows that
However, the latter inequality together with (3.38) and (3.42) results in
Finally, in view of (3.38) and (3.41), we have 
